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Abstract

Catastrophic forgetting (also known in the literature as catastrophic interference) is the
phenomenon by which learning systems exhibit a severe exponential loss of learned information
when exposed to relatively small amounts of new training data. This loss of information is not
caused by constraints due to the lack of resources available to the learning system, but rather is
caused by representational overlap within the learning system and by side-effects of the training
methods used. Catastrophic forgetting in auto-associative pattern recognition is a well-studied
attribute of most parameterized supervised learning systems. A variation of this phenomenon,
in the context of feedforward neural networks, arises when non-stationary inputs lead to loss of
previously learned mappings. The majority of the schemes proposed in the literature for mitigating
catastrophic forgetting are not data-driven, but rather rely on storage of prior representations of the
learning system. We introduce the Fixed Expansion Layer (FEL) feedforward neural network
that embeds an expansion layer which sparsely encodes the information contained within the
hidden layer, in order to help mitigate forgetting of prior learned representations. The fixed
expansion layer approach is generally applicable to feedforward neural networks, as demonstrated
by the application of the FEL technique to a recurrent neural network algorithm built on top
of a standard feedforward neural network. Additionally, we investigate a novel framework for
training ensembles of FEL networks, based on exploiting an information-theoretic measure of
diversity between FEL learners, to further control undesired plasticity. The proposed methodology
is demonstrated on a several tasks, clearly emphasizing its advantages over existing techniques.
The architecture proposed can be applied to address a range of computational intelligence tasks,

including classification problems, regression problems and system control.
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Chapter 1

Introduction

The problem of catastrophic interference (also referred to as catastrophic forgetting [20]) in
artificial neural networks has been studied for over two decades by researchers from many
disciplines, including machine learning, cognitive science, and psychology [36, 44]. Many real-
world applications, such as financial time series analysis and climate prediction, involve data
streams that are either strictly non-stationary or can only be considered piecewise stationary. It
has been shown that in mammals, long durations of time between observations of stationary
patterns can lead to an excessive tendency to form associations between sensory inputs and
desired outputs (abnormal potentiation) often at the expense of weakening existing associations
[32, 22]. In parameterized supervised learning systems (including connectionist architectures
such as neural networks), catastrophic interference is the process by which a network ‘forgets’
learned patterns upon being presented with new patterns for a sufficiently long period of time.
In such non-stationary settings, one can expect a neural network to have an inherent ‘learning
capacity’ determined by the number of weights and neurons it contains. When this capacity is
reached, learning new information will gradually interfere with a network’s ability to recall prior
representations.

However, catastrophic interference is commonly not a result of a network reaching its learning
capacity. Instead, once the network has been trained on new patterns, or is no longer being
adequately presented with inputs drawn from a prior observation distribution, drastic information
loss occurs at exponential rates. New information catastrophically degrades learned representations

even though sufficient learning capacity remains. Such scenarios are commonly encountered when



non-stationary input streams are presented to the network or in circumstances where continuous
learning is desired.

Many approaches to diminishing the impact of catastrophic interference have been proposed
in the literature, with varying levels of success [3, 4, 18, 26, 27, 33, 45]. The vast majority of the
schemes proposed do not pertain to online learning, but are rather based on batch-learning pro-
cesses (with a particular emphasis on the study of auto-associative pattern recognition). Moreover,
most techniques require extensive memory resources, as they continually store representations of
prior network configurations as means of refreshing knowledge of older representations. This
work introduces a novel approach for mitigating catastrophic forgetting by augmenting multilayer
perceptron (MLP) networks with an additional sparsely-encoded hidden layer specifically designed
to retain prior learned mapping of inputs to outputs. Learning occurs incrementally and minimal
storage requirements are imposed. Furthermore, this work examines other methods for the
mitigation of catastrophic interference in neural network systems (including the introduction of the
target variation trace, a method which controls the learning of new information based on the novelty
of the network error) as well as methods that can control the effects of catastrophic interference in
ensembles of neural networks.

This manuscript is divided into six chapters. Chapter 1, this chapter, introduces the problem,
and Chapter 2 provides a detailed background of the concepts and examines other approaches
found in the literature. The Fixed Expansion Layer network is introduced in Chapter 3, which
examines the problem of catastrophic interference within a single learning system. Chapter 4
examines catastrophic interference within ensembles of learning systems. Experimental results are
presented in Chapter 5, with a summary of contributions and discussion of future work presented

in Chapter 6.



Chapter 2

Background and Literature Review

2.1 Artificial Neural Networks

Artificial neural networks (ANNs) are composed of individual units, analogous to neurons. Each
unit processes input and produces output independently of other neurons in the network, with
the network’s output being determined by the output values of its individual neurons. The first

significant implementation of an ANN was the ‘perceptron’ [47].

The Perceptron

The perceptron is the most fundamental ANN algorithm. Each neuron is connected to network
inputs, outputs, and other neurons via ‘synapses’. Synapses have an associated weight value, and
the output of a neuron is some function of the weighted sum of its input values. Formally, each

neuron performs the following calculation

Y :f(aj)
—

Figure 2.1: A Single Perceptron Unit
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Figure 2.2: Perceptron Network
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where ¢; is the output of the j-th neuron (the network’s approximation of the desired output, which
is represented as y;), wj; is the weight that neuron j assigns to the i-th synapse, z; is the value of
the i-th input (the value transmitted along the i-th input synapse), and f(+) is the activation function
(which can be the identity function if the output is just the value of the weighted sum or a threshold
function). A perceptron neuron is depicted in Figure 2.1.

A perceptron network uses two layers of neurons. The neurons in the first layer are fully
connected to the second layer by a number of synapses (as shown in Figure 2.2). Inputs are fed to
the first layer, signal is transmitted to the second layer, and the network’s output is composed of
the values of the neurons in the second layer. During training, the network’s output is compared
with the desired output. The difference between the two is the network error and is used to train the
network. Learning in these networks takes place in the synaptic junctions between the two layers;
by adjusting the synaptic weights (the values used for w;;), the network is able to learn mappings

between inputs to the network and the desired outputs.
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Perceptron networks perform supervised learning, where training data consists of pairs of
network inputs and also the desired output for each input. The output cells of the network compare
the desired output with the actual output in order to calculate an error signal used for training.
Training is performed using the Widrow-Hoff rule [53]. Intuitively, if an output cell’s value is
too high, then it makes sense to decrease the synaptic weight values for synapses connected to
input cells with positive values (and increase the weight for synapses connected to input cells with
negative values). Similarly, if the output value is too low, then the synapses connected to input
cells with positive values should be increased. Formally, the weight update rule is calculated as

WY — w](;) +n(y; — G;): (2.2)

Jt

(t+1)
i

)
7t

where w is the weight assigned to the synapse between the j-th and the ¢-th input at time ¢ + 1

(with w;,;” representing this value at time t), y; is the desired target value of the j-th output, y; is
the actual value of the j-th network output, and z; is the value of the ¢-th input. The value of 7 is a
small constant which acts as a learning step-size; the step-size controls the rate of weight changes
within the network.

This early neural network is able to learn associations between inputs and outputs, but suffers
from a key drawback: the output must be a linear transformation of the input. Essentially, the

perceptron network’s operation is equivalent to linear regression and to discriminant analysis [37,

48].

The Multilayer Perceptron

The multilayer perceptron (also known as the feedforward neural network or the error backpropa-
gation network) solves the problem of learning associations which are not linear transformations.
This is accomplished by adding a third ‘hidden’ layer between the input and output layers (as

depicted in Figure 2.3). Formally, the network’s operation uses the following equations
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Figure 2.3: Multilayer Perceptron

=g (Z zkjhj> (2.4)
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where h; is the value of the j-th hidden neuron, f(-) is the activation function for the hidden layer,
wj; 1s the weight that hidden neuron j assigns to the ¢-th input, x; is the value of the i-th input,
is the value of the k-th output neuron, g(+) is the activation function used for the output layer, and
21,; 1s the weight that the k-th output neuron assigns to the j-th hidden neuron.

By using a nonlinear activation function f(-) for the hidden layer, the network is able to learn
nonlinear input-output mappings, however the training algorithm must be changed to account for
the new layer. Multilayer perceptrons can be trained using gradient descent (also known as error

backpropagation), which is explained in detail in Section 2.3.

2.2 Recurrent Neural Networks

The standard multilayer perceptron neural network does not have the ability to approximate

temporally-dependent mappings between its input space and its output space. To address
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Figure 2.4: Elman Recurrent Network (Simple Recurrent Network)

this, Elman’s Simple Recurrent Network (SRN) [15] utilizes ‘context’ neurons which form a
representation of the current state. Following each feedforward process, the values of the hidden
neurons are stored into the context neurons (as depicted in Figure 2.4). These context neurons are
fed to the network, in addition to the external inputs, during the subsequent time step.

Formally, consider a multilayer perceptron which has N input neurons [z1, =5, ..., xy] and M
hidden neurons [hq, hs, . .., hy| . To transform this MLP into a recurrent network, context neurons
are added to the input layer. The M new context neurons [z}, 5, . . ., ] will store the prior value
of the hidden layer neurons. Equation 2.3 shows the hidden layer calculation for a MLP; the new

hidden layer calculation for this recurrent network becomes

N M
W = f (Z Wit + w}ix;> (2.5)
=1 =1

where hg-t) is the value of the j-th hidden neuron at time ¢ and w7, is the weight that the j-th hidden

neuron assigns to the i-th context neuron. The values of the context neurons x; are given by
_ p =1 :
zi = h; Jj € [1, M] (2.6)

where hEt_l) is the value of the j-th hidden neuron from the previous input at time ¢ — 1.



Using these memory signals the network is able to capture temporal dependencies. However,
retaining information about long-term temporal dependencies is a difficult task; SRNs, and most
gradient-based recurrent neural network models, have difficulty with capturing long sequences,
or functions with long-term temporal dependencies, due to the ‘vanishing gradient’ phenomenon
[6]. Additionally, the non-stationary nature of real-world data sequences typically fed to recurrent

networks renders the task of accurately modeling processes difficult.

2.3 Gradient-based Network Training

Training for the most simple neural network, the perceptron, is accomplished using the Widrow-
Hoff rule defined in Equation 2.2, but this equation is not suitable for adjusting the weights
of multiple layers simultaneously. For MLPs, RNNs, and other multilayer networks, error
backpropagation is often used to perform weight updates during supervised learning. Error
backpropagation (or variants of the method) is the most popular training algorithm for networks
with at least three layers and has been discovered and independently rediscovered by many authors
(e.g. [11, 29,40, 49, 52]).

The intuition behind error backpropagation is fairly simple. Under supervised training, the
weights of linear neurons in the output layer of a network can be adjusted according to the standard
Widrow-Hoff learning rule; the error from the output layer is then propagated backward from the
output layer to the hidden layer using those same connections and weights. An error signal for the
hidden layer neurons can be calculated as a weighted average of the error signal in the output layer
neurons (with the weighting determined by the weights between the output and hidden neurons).
Once an error signal can be determined for the neurons in the hidden layer, the Widrow-Hoff rule
can be applied to adjust the weights between the hidden and input layer neurons.

Consider a multilayer network with activations given by
=g (Z Zk:jhj) 2.8)

J



where h; is the value of the j-th hidden neuron, f (+) is the activation function for the hidden layer,
wj; 1s the weight that hidden neuron j assigns to the ¢-th input, x; is the value of the i-th input,
is the value of the k-th output neuron, g(+) is the potentially non-linear activation function used for
the output layer, and z;; is the weight that the k-th output neuron assigns to the j-th hidden neuron.

The total error for the k-th output neuron is calculated as

exr = (Yx — Un) (2.9)

where yy, is the k-th target output, and we define an error signal for this neuron using the equation

Soutputk = 9’ (Z zkjhj) X ey (2.10)
J
where ¢'(-) is the derivative of the activation function for the output layer.
This error signal combines the neuron error with the activation of the neuron. Using this error
signal in conjunction with the Widrow-Hoff rule, we obtain the delta update rule for the output
layer weights:

2 = 2+ Moutput khy (2.11)

where z,i?rl) is the value of the weight that the k-th output neuron assigns to the j-th hidden neuron

at time ¢ + 1 (with z,(;;.) representing this value at time ¢) and 7 is a step-size constant.

The error signal for the hidden layer cannot be directly computed, due to the fact that there is
no defined ‘target’ value defined for this layer. The error signal is estimated as a function of the
output error, the weights between the output and hidden layers, and the activation of the hidden

layer neurons. For the j-th hidden neuron, this estimation is given by

5hidden,j = f/ <Z wjz$z> X Z (ijéoutput,k) (212)
7 k

where f'(-) is the derivative of the activation function for the hidden layer. Given the estimated

error signal, we apply the Widrow-Hoff rule to obtain the update equation

(t+1) _ (¥)
ji = Wi

+ N0hidden,; Ti (2.13)



(++1)

where w;; " is the value of the weight that the j-th hidden neuron assigns to the i-th input at time

t+ 1 (with wj(»? representing this value at time 7).

Using the iterative update rules given by Equations 2.11 and 2.13, all of the weights of the
network can be adjusted in response to each training example presented to the network. Error
backpropagation has been shown to converge toward a local minimum of the mean square of the

error for the output layer (provided that 7 is chosen to be appropriately small) [1]. Precisely, if the

total error of the network in response to the ¢-th training sample is defined as
w_1 o \2
EO =2 (v — i) (2.14)

then the given update rules will cause the network weights to change such that £*) will converge
to a local minimum as ¢ — oo.

This convergence property of error backpropagation can be proven by showing that error
backpropagation is an implementation of gradient descent, a well-known procedure in numerical

analysis [12, 17, 43, 50]. Equations 2.11 and 2.13 are equivalent to

@ _ OF )

wi =W — 1 (2.15)
J J owj;
and
OE®
At =2 (2.16)

8zkj

HE(t

where 22 is the partial derivative of the error at time ¢ with respect to the weight w;; and oo
J

8wji

is the partial derivative of the error at time ¢ with respect to the weight z;;. A full proof of this
equivalence can be found in [1].

When considering catastrophic interference, two features of error backpropagation are very
significant. Firstly, network weights are updated at each time step in response to each training
sample; this means that the influence that any one training sample has on the network decreases as
the total number of training samples grows. Secondly, error backpropagation is only guaranteed to
converge to a local minimum of the error function; there is no guarantee that the global minimum
will be located or that a small adjustment in the network weights will not result in a large increase

in network error.

10
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Figure 2.5: The Ackley Problem

To illustrate the significance of these drawbacks, consider a classic minimization problem
known as the Ackley problem (introduced as a two-dimensional problem in [2], and generalized to

n dimensions in [5]). The Ackley problem defines the multidimensional function

F(

2
|

=—20-exp | —0.2

which is shown in Figure 2.5 (for a two-dimensional ).

If the surface of the error function for a neural network is similar to that of the Ackley problem,
then the error backpropagation is likely to converge to a local minima and not to the global minima.
Additionally, if the network is able to converge to the global minima, it is not likely to stay there;
the continuous weight updates will ‘bump’ the network out of the global minima and cause the

network to converge back to a local minima.

11



2.4 Online Learning and Non-stationary Environments

Machine learning systems can either be trained using unsupervised learning (wherein training
takes place without any a priori definitions of ‘right’ or ‘wrong’) or supervised learning (which
trains the system using training data which has been previously annotated with correct answers).
Additionally, both of these types of systems can be trained in two different ways, depending on
how many presentations of training data are allowed.

When performing batch training, the training data is collected before the learning system is
to be trained. The training data is then presented to the learning system until a desired degree
of proficiency is demonstrated. The entire collection of training data is collected beforehand and
stored; this allows training to perform multiple passes through the training data as needed. Batch
training is typically more effective, as the learning system benefits from being able to examine all
available training data during the learning process. Typically, learning systems which use batch
training are only trained a single time. Afterwords, the systems are put into a sort of ‘production
mode’, and learning no longer takes place.

In contrast to batch training, online learning methodologies are those which do not allow
repeated presentations of training data. Each sample from the set of training data is presented
a single time, and there can be no reuse of data once all training data has been observed. The
advantage of this methodology is that no persistent storage is required for the training data; the
system is given each sample of training data as it becomes available, and then the sample is
discarded. This has the disadvantage of not allowing the system to repeatedly train over the same
dataset.

The process of online learning is further complicated when it occurs within non-stationary
environments (also referred to as ‘concept drift’). The environment is said to be non-stationary

when the process by which inputs are generated changes over time.

2.5 Catastrophic Forgetting in Neural Networks

The problem of catastrophic interference (also referred to as catastrophic forgetting) in neural

networks has been studied for over two decades by researchers from many disciplines such as

12



machine learning, cognitive science, and psychology [36, 44]. In neural networks (and other
connectionist architectures), catastrophic interference is the process by which a network ‘forgets’
learned patterns upon being presented with new patterns. One can expect a neural network to have
an inherent ‘learning capacity’ determined by the number of weights and neurons it contains; when
this capacity is reached, learning new information will gradually interfere with a network’s ability
to recall existing information.

However, catastrophic interference is not caused by a network having reached its learning
capacity. Instead, once the network has been trained on new patterns, or is no longer being
adequately presented with inputs drawn from its entire observation space, drastic information loss
occurs; new information catastrophically interferes with the previously learned model even though
the theoretical learning capacity has not been met. Such scenarios are commonly encountered

when non-stationary inputs are presented to the network.

2.6 Conventional Mitigation of Catastrophic Forgetting

Many approaches to reducing the effect of catastrophic interference have been proposed with vary-
ing levels of success. Notably, mainstream exploration of the problem of catastrophic interference
has been within the domain of auto-associative pattern learning, which has not addressed problems
inherent with more general function approximation [38]. The most common schemes proposed
in the literature can coarsely be categorized as rehearsal methods, psuedorehearsal methods, dual

methods, and activation sharpening.

2.6.1 Rehearsal Methods

Rehearsal methods were among the first approaches aimed at addressing the problem of catas-
trophic interference; two such methods are the rehearsal buffer model [44] and sweep rehearsal
[45]. Each method attempts to retain information about previously learned patterns by maintaining
a buffer of previously observed patterns; these buffered patterns are then periodically used for
training during the learning of subsequent patterns. Such early methods mitigated the effect
of catastrophic interference somewhat, but required persistent storage of learned patterns and

introduced challenges with respect to the correct balance between new patterns and buffered ones.
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The Rehearsal Buffer Model

The rehearsal buffer model operates as follows: assuming there are M patterns to be learned, one
creates a rehearsal buffer containing a small subset of m patterns (e.g. to start, the 1% pattern
through the m™ pattern, with typical values of m being around 4). The neural network is then
trained over each pattern in the buffer; each pattern in the buffer is presented in sequence, and the
entire buffer is looped over NV times. After NV loops through the buffer, the first item in the buffer
is removed and the next pattern to be learned is added to the buffer. So, the buffer would first
contain items in the range [1, m], training loops over these items N times, and the buffer is updated
to contain the items in the range [2, m + 1]. This process continues until all M patterns have been

learned.

Sweep Rehearsal

Sweep rehearsal is similar to the rehearsal buffer model, but uses a “dynamic” training buffer.
Given M patterns and a buffer size of m, one must first learn at least (m — 1) patterns before the
dynamic buffer comes into play. Once some number of patterns has been learned (with a pattern
considered ‘learned’ by being trained until the estimation error is below a given criterion), the
process of learning a new pattern proceeds as follows: let the new pattern to be learned be pattern
x;. The training buffer is created by combining pattern z; with (m — 1) previously learned patterns
(selected at random), and the network is trained by presenting each pattern in the buffer once.
However, where the rehearsal buffer model would sweep through this same buffer N times, sweep
rehearsal builds a new buffer containing x; and (m — 1) randomly selected previously learned
patterns for each epoch (where an epoch is one presentation of each pattern in the buffer). A new
buffer is created and used for training until pattern x; is considered learned (at which point we
repeat the process for x;,1, etc.). In practice, sweep rehearsal shows better performance than the

rehearsal buffer model [45].

2.6.2 Pseudorehearsal Methods

Whereas rehearsal methods attempt to retain learned information by storing and rehearsing

previously learned patterns, pseudorehearsal methods attempt to latch on to learned information
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without the requirement of pattern storage [46]. Instead of using previously learned patterns
for rehearsal, pseudopatterns consisting of random input values are generated periodically during
training. The pseudopattern is fed into the network and the network’s output is recorded. After
some number of subsequent training iterations, a previously generated pseudopattern is selected
for pseudorehearsal. The pseudopattern is fed into the network, and the previously recorded output
is used as a training target.

Pseudorehearsal can use the rehearsal buffer model or sweep rehearsal as the base learning
mechanism. However, random pseudopatterns are used instead of actual patterns that have
previously been learned. To use pseudorehearsal with the sweep rehearsal approach, we would
construct our sweep buffer by selecting the n-th pattern to be learned and generating (m — 1)
pseudopatterns (as opposed to randomly selecting (m — 1) previously learned patterns) before
each epoch. During each epoch, the network is trained over the sweep buffer once. We then
construct another sweep buffer containing the n-th pattern and newly generated pseudopatterns.
This process repeats until the n-th pattern is learned sufficiently (then we would repeat using the
(n + 1)-th pattern, etc.).

Consider the problem of learning binary patterns with an auto-associative neural network. The
training data is given as input-output pairs (z;, y;), where x; is the i-th input and y; is the desired
i-th output.The function to be approximated is f(z;) = y;. Note that, for the auto-associative
problem, x; = y; and f(+) is the identity function. The function approximation performed by the
auto-associative neural network h(z;) = ¢;, where g; is the output of the neural network (and we
desire h(x;) = §; = y;).

We generate a pseudopattern p; by randomly setting each bit to O or 1 with equal probability.
We compute the output of the network over this pseudopattern and store the result as ¢; (i.e. we
compute h(p;) = ¢;). For pseudopatterns, instead of training in order to achieve the goal ¢; =~ p;,
we use the value of g; as the actual training target. So, our sweep buffer would contain our pattern
to be learned, (x;, y;) as well as a number of pseudopatterns (p;, ¢;).

These pseudopatterns serve as approximate snapshots of the network’s internal state at some
time during the training process. As training proceeds, the network’s internal state is being adjusted
in order to recognize the currently viewed patterns. When pseudorehearsal is performed, the

network’s internal state is essentially being re-adjusted in order to be more like the snapshot
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of its prior internal state. This adjustment causes the network to be more likely to retain
prior information, thus combating the catastrophic interference effects. However, the process
of generating pseudopatterns and periodically retraining over these pseudopatterns increases the
storage and computational requirements of the system. Moreover, analysis suggests that in some
networks the effectiveness of pseudorehearsal is reduced when used with low-dimensional input

or input patterns that are nearly (or completely) orthogonal [18].

2.6.3 Dual Methods

Dual methods address catastrophic interference by means of attempting to separate that which
is being learned from that which has already been learned; these methods are characterized by
the explicit representation of short-term and long-term memory. Dual weight methods [27, 33]
maintain two sets of weights for a single network architecture, while dual network methods [21,
4, 26] utilize entirely separate neural networks. Both approaches use one of their resources (a set
of weights or a network) for storing long-term, slowly changing information and use the other
resource for storing short-term, quickly changing information.

Dual network methods operate by using one network (the ‘learning’ network) for processing
input and learning the input-output function to be approximated, while another network (the
‘memory’ network) performs long-term storage of learned information. During training, the
learning network alternates between periods of normal training and periods of knowledge transfer.
For the normal training, the learning network is fed training information and trained in the same
way as any multilayer perceptron feedforward neural network would be used [3].

Knowledge transfer is performed using pseudopatterns [3]. A pseudopattern is generated for
one of the networks (the ‘source’ network) by creating pseudo-inputs consisting of random noise
and feeding these into the source network; the source network’s output is recorded as the pseudo-
targets. The same pseudo-inputs are presented to the other network (the ‘destination’ network),
and the pseudo-targets from the source network are used as a training target for the destination
network.

During training, knowledge is transferred from each network to the other. Knowledge is

transferred from the learning network to the memory network in order to store information about
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Figure 2.6: Operation of a dual network system

newly learned patterns, while knowledge is transferred from the memory network to the learning
network in order to retain information about previously learned patterns [3]. Operation of a dual

network system is depicted in Figure 2.6.

2.6.4 Activation Sharpening

Activation sharpening is inspired by the belief that catastrophic forgetting is a consequence of the
overlap of pattern representations within the neural network and can be addressed by reducing
such overlap [19]. The goal of activation sharpening is to gradually develop semi-distributed
representations of patterns in the hidden layer of the network by causing neurons within the hidden
layer to ‘latch’ onto specific regions of the input space. This approach modifies this traditional
feedforward process; the input pattern is fed forward and the activation of nodes in the hidden
layer is ‘sharpened’ by increasing one or more of the hidden nodes with the largest activation
values and decreasing the activation values of all the other hidden nodes. The difference between
the original and sharpened activation values is immediately backpropagated to the input-hidden
weights (as if it was an error signal) in order to train the network to produce a sharpened activation
in the future. After this occurs, the input is fed forward and the error backpropagated as usual.

More formally, consider a network with the hidden layer values given by

h; = f (Z wjixi) (2.18)
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where h; is the value of the j-th hidden neuron, f (+) is the activation function for the hidden layer,
wj; 1s the weight that hidden neuron j assigns to the i-th input and z; is the value of the i-th input.

A typical neural network performs one feedforward and backpropagation operation for each
training sample. A typical feedforward iteration for the network would be performed by setting
the input layer values, calculating the hidden layer values, then calculating the output values. After
the feedforward, error backpropagation would take place (as described in Section 2.3).

A network with a single hidden layer using activation sharpening performs one and a half
feedforward and backpropagation operations for each training sample. The first set of operations
are performed in order to calculate the hidden layer activations and perform activation sharpening.
This feedforward operation is performed by setting the input layer values and then calculating the
hidden layer values; output layer values are not yet calculated.

Then, some number of the most active hidden layer neurons are selected for sharpening.
Assuming that activation values for the hidden layer neurons are between 0 and 1, new activation

values for all hidden neurons are calculated using the formula

W.=h;+al—h;) ifh, €S
i J ( J) J (219)

h;:hj—ozhj lfh]¢5

where 1 is the new activation value, o is a sharpening factor between 0 and 1, and S is the set of
neurons selected for activation.

After the new activation values have been calculated, a backpropagation operation is per-
formed. The difference between the old activation values and the new activation values are treated

as an error signal, and the hidden neuron weights are updated according to the equation

where wy; is the value of the weight that the j-th hidden neuron assigns to the i-th input, w/; is the
updated weight, x; is the value of the i-th input, and 7 is the network step size.

After this ‘half’ feedforward and backpropagation are completed, a standard feedforward and
backpropagation is performed (using the new weight values). The goal of this procedure is to

evolve representations with a few highly activated hidden neurons instead of many active neurons
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with average activation levels; this has the effect of reducing the average amount of activation

overlap among representations[19].

2.7 Ensemble Diversification Strategies

Ensembles of neural networks have been shown to be more effective than individual neural
networks. Originally, neural network ensembles were constructed using a two-stage design
process; individual networks are first generated and trained, and then they are combined into
ensembles. These networks were usually trained independently.

The mean squared error (MSE) of an ensemble of neural networks can be decomposed into
bias, variance, and covariance terms [51]. Ensembles aim to reduce the variance term; the variance
of the ensemble will be lower than the average variance of its components. This can be shown
by considering the output of an ensemble # in response to input z; given by a weighted linear

combination of the ensemble member outputs as

N
(i) = > wihy(x;) 2.21)

j=1
where w; is the weight given to ensemble member j such that 0 < w; < 1 and > W = 1,

and h;(z;) is the output of ensemble member j. Using the property that, for uncorrelated random
variables X and Y, Var[a X + 8Y] = a?Var[X| + *Var[Y] we can show that the variance of H is
given by

Var[H] = Var

N N
> wjhj] > (w} Var[h; (2.22)
j=1

j=1
Since w; < 1, we can see that Var[#H| < Z;V: (Var[h;]) (under the assumption that there is more
than one network in the ensemble, i.e. N > 1). However, this is under the assumption that the
members of H are uncorrelated. If there is any correlation between members, then we have to add
a covariance term to the calculation of Var[H]; correlation among members of an ensemble directly
reduce the maximum accuracy that the ensemble can achieve, and any method that can increase

diversity of the members in an ensemble has the potential to increase the ensemble’s accuracy.
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In the case that ensemble members are neural networks, the function calculated by h; is
fully specified by the weights contained in the network. In a sense, we can consider h; to be
occupying a point in a hypothesis space, with the coordinates being specified by the network
weights. During the training process, h; follows a trajectory through hypothesis space; the
initialization of the network weights determine the starting point and each training iteration moves
h; along a trajectory. The ensemble H can therefore be defined as a collection of points within this
hypothesis space. If H is to have diversity among its members, we would like ensemble members
to occupy sufficiently different points within this hypothesis space. Under this world view, we can
categorize diversification strategies into three categories depending on how the strategy alters the
hypothesis trajectory of an ensemble member. Diversification strategies can alter the starting point
in hypothesis space, the set of accessible hypotheses, or the trajectory through hypothesis space.
[10]

2.7.1 Starting Point in Hypothesis Space
Random Weight Initialization

Initializing the weights of each neural network randomly is one of the most common methods for
creating diversity; the hope is that starting each network in a different location within hypothesis
space will increase the probability that the networks will continue to follow unique trajectories
within the space. This is generally accepted as the least effective diversification strategy, and is
typically only used as a benchmark for comparison (e.g. [39]). It has been empirically shown
that, after network type, training set structure, and number of hidden neurons, randomized weight

initialization is the least effective means of generating diversity. [54, 41]

2.7.2 Set of Accessible Hypotheses

The most common way of altering the set of hypotheses accessible by an ensemble member is to
alter the set of training data by presenting a different subset of the training data to each ensemble

member.
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K-fold Cross-Validation

This strategy separates the training samples into k£ disjoint subsets. k new partially overlapping
training sets are then created for each ensemble member by leaving one of the £ subsets out and

training over the others. [28]

Bagging

Bagging re-samples the original training set to randomly create training sets for each ensemble
member. Given a set of NV training samples, each ensemble member is trained using a subset of the
training samples generated by randomly drawing (with replacement) N samples from the training
data. Each member is still trained using /N samples, but some samples are repeated and some

omitted from each member’s specific training set. [7]

Boosting

This strategy is similar to bagging, however training sets are explicitly created. Ensemble members
are trained in series; when selecting the training set for the j-th ensemble member, weighted
random sampling is used to draw the samples from the training set. The weighting is determined
from the performance data obtained when training the previous ensemble members, and specified
such that samples that were difficult for existing ensemble members to classify are more likely
to be presented to the new member. [23] The popular AdaBoost algorithm [24] falls under this

category.

2.7.3 Trajectory Through Hypothesis Space

These diversification strategies alter the way that ensemble members traverse the hypothesis space.
The most popular method of altering the hypothesis space trajectory is modifying the cost function

by adding a penalty term. The normal error function for an ensemble member is

1 o
ej(@e) = 5y — ) (2.23)

When we add a penalty term, this becomes
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1 NZ
ej(w) = 5 —3”)* + AR (2.24)

where R is the penalty term, and X is a weighting factor that controls the tradeoff between the

normal error and the error due to incurred penalty.

Negative Correlation (NC) Learning

Negative correlation (NC) learning applies a penalty term in order to negatively correlate each
network’s error with the errors of the rest of the ensemble [35]. It relies on the intuition
that diversity between neural networks can be enforced by augmenting their cost function with
an explicit diversity term. NCL employs the standard back-propagation algorithm to train the
individual neural networks in parallel, and then each network’s error function is penalized in order
to negatively correlate the errors of the learners as means of guaranteeing diversity.

Consider a training dataset D, defined as

D ={(z1,11),---, (@6, ye), - (N, yn) } (2.25)

where x; € RPX is the t-th training input with Dx dimensions, y; € RPY is the ¢-th desired output
with Dy dimensions, and the dataset has a total of N samples.

We take the output of the ensemble to be the simple weighted average of it’s members, defining

M
M) = 23 (hyl)) = i (2.26)
j=1
where we use #(-) to represent the function computed by the entire ensemble and ¢; to represent
the output of the ensemble in response to the input x; (i.e. H(z;) = ¥;). When referring to
individual members of an ensemble, h;(-) represents the function computed by the j-th ensemble
member, h;(z;) is the j-th ensemble member’s output in response to the ¢-th input, and @t(j ) is the
member’s output (i.e. hj(x;) = )

So, an alternative expression of the ensemble calculations can be given by

hy(ay) = 3 (2.27)
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1 .
Hw) =—> 9 (2.28)

Normally, if each member was being trained in order to minimize the standard mean squared

error equation, the error for member j would be given by
ej(x;) = %(yt — gy (2.29)
However, under NCL, we add a penalty term to obtain the error function
ej(xi) = %(yt — 37)% + Apj () (2.30)

where p;(z;) is the penalty for the j-th ensemble member in response to input x; and A is a
weighting term balancing the normal mean squared error term with the new penalty term.

The penalty term for each network is given by

pi(ai) = (hy(a) = H(x) Y (ha:) — H(:)) (2.31)

k]
which, as shown in the literature (e.g. [9, 35]), causes the errors between ensemble members to
become negatively correlated. NC has been shown to consistently outperform simple ensemble
systems. In addition to empirical studies, NC has been shown [9] to produce desirable theoretical
properties grounded in statistical theory. This penalty retains the ability to train each of the

networks both simultaneously and incrementally.

2.8 Weighting Contributions from Ensemble Members

The method used to combine the individual outputs /; into the ensemble output # has a significant
effect on ensemble accuracy [51]. If the members of ‘H have very low covariance, then it can be
expected that each member will have different areas in which it is most accurate. Simple methods
of weighting the member outputs (e.g. setting all w; = %) cannot be expected to perform as well

in input regions where the members of H have significantly different outputs.
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There are several approaches to combining outputs from ensemble members into a single
coherent output for the ensemble. Some of the most common approaches are explored here. In this
section, we let our set of ensemble members be H = {h; | 1 < j < M}, where M is the number of
members in the ensemble. We use () to represent the function computed by the entire ensemble
and g; to represent the output of the ensemble in response to the input x; (i.e. H(z;) = 3;). When
referring to individual members of an ensemble, &;(-) represents the function computed by the j-th
ensemble member, h;(x;) is the j-th ensemble member’s output in response to the i-th input, and

;&fj) is the member’s output (i.e. hj(x;) = ;&fj)).

2.8.1 Plurality Voting

Plurality voting [25] is one of the simplest methods of weighting ensemble members in a
classification context. For classification, the inputs x; are samples and the outputs y; are class
labels. Under plurality voting, the ensemble choice is defined to be the class for which the
most ensemble members voted. Formally, let @Z(,Jg) be the value that member /; estimates for the

probability that x; € class k. The set of members that believe x; is a member of class k is defined

as

S = {hs |53 = max )} (2.32)

Thus, Sy is the set of all ensemble members that gave x; the highest probability of being in set k.

The ensemble’s classification output is then
H(z;) = argmax | Sy| (2.33)
k

where |Sy| denotes the size of set Si. H(x;) is then the class label for which the most ensemble

members voted.

2.8.2 Basic Ensemble Method (BEM)

The Basic Ensemble Method (BEM) [42] takes the simple average of all the ensemble members;

this can be used in either a classification or a regression scenario. The ensemble output under BEM
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is given by

1 M
;) Z (2.34)

]:1
If the correct function value to be estimated is given by f(x;), in the BEM we can define the misfit

function for each member as

m;(z;) = f(x:) — hj(x;) (2.35)
which allows us restate the network output as

1 M

H(x;) = f(xy) (m(x;)) (2.36)

]:1
Interestingly, it can be shown ([42]) that as long as m;(z;) are mutually independent with zero
mean, the error in estimating f(x;) can be made arbitrarily small by increasing the population size
of H. This result helps to highlight the need for diversity amongst the members of an ensemble; the

mutual independence in m;(-) is directly affected by the amount of diversity amongst the members

of H.

2.8.3 Linear Combinations

Linear combinations of the ensemble members’ output is a more generalized form of the BEM that

is applicable to regression problems. The ensemble output is calculated as

M
j=1

where w; is a weight assigned to each ensemble member such that 0 < w; <1 and Zj\il w; = 1.

There are many techniques to determining the values of w;. In [42], the BEM is extended to
the Generalized Ensemble Method (GEM) by the addition of a weighting term. It is further shown
that the optimal weights (optimal in the sense that the mean squared error is minimized over the

training set) is

D V1
DD P e
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where C' is the covariance matrix of the misfit functions, such that C;; = E[m;(x)m;(z)] (Where
E[-] is the expected value). The optimal mean square error under this weighting is

-1

MSE = (2.39)

§ : -1
irj

This result depends on two assumptions: the rows and columns of C' are linearly independent and
we have a reasonable estimate of C'. In the case where we have nearly duplicate members in the
population H, we will have nearly linearly dependent rows and columns in C', making the inversion
calculation unstable and our estimate of C~! unreliable. This reinforces the need for a sufficient

level of diversity amongst the members of the ensemble.
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Chapter 3

Mitigation of Catastrophic Interference

within a Neural Network

3.1 The Fixed Expansion Layer Feedforward Neural Network

The motivation behind the fixed expansion layer (FEL) neural network, first introduced in [13], is
similar to the motivation for activation sharpening: reducing the overlap of pattern representations
within the network. The FEL network addresses the problem of representational overlap by
exploiting an augmented MLP architecture which includes the addition of an expansion hidden
layer to the network, as depicted in Figure 3.1. The weights for this layer are fixed during
network initialization and remain unchanged during subsequent network operations. As a result,
the FEL framework inherently supports an incremental, online learning process and exploits sparse
encoding to latch onto previously learned input/output mappings.

During the feedforward phase, the FEL neurons are triggered in order to present a consistent
sparse representation of the input pattern to the output layer, as illustrated in Figure 3.2. The
sparsity of the triggered FEL neurons protects the input-to-hidden layer weights which were not
used in the sparse coding from the backpropagated error signal (see Figure 3.3), thus preventing
the network weights from changing drastically when exposed to new information, which mitigates
the effects of catastrophic interference. Sparsity thus serves as means of latching on to older

information by selectively gating weight update signal propagation through the network.
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Figure 3.1: Architecture of the FEL neural network
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Consistency of representations within the FEL neurons is critical to the accuracy of the
network; the network cannot retain information if the dense signal from the hidden layer is not
sparsely encoded in a consistent fashion. This requirement is the main factor to consider in
deciding how the activation values of the FEL neurons are to be calculated.

Two approaches to sparse representational consistency have been investigated; the first
approach, the parameterized FEL network, creates sparsity by using fixed weights that are not
fully connected, directly evaluating the full fixed layer signal, and then sparsifying the signal
heuristically. Building off of the lessons learned from the parameterized approach, the second
technique, the feature-sign FEL network, uses techniques that has greater theoretical foundations
within the sparse-coding literature and that directly forms a sparse representation of the hidden

layer signal.

3.2 Parameterized FEL Network

One approach to the FEL activation problem is to perform a traditional feedforward operation
(from the input layer to the hidden layer) and then to heuristically sparsify the FEL activation

values; this is the approach investigated in [ 13]. Using the fixed weights and the activation values of
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the hidden layer, activation values are calculated for all FEL neurons. Once these values have been
calculated, we heuristically determine which FEL neurons contain the most significant information

about the hidden layer and zero out the values of the other FEL neurons.

3.2.1 Weight Initialization

The weights between the hidden layer and the FEL are set when the neural network is created and
are not updated during the learning process. These FEL weights must facilitate expansion of the
signal contained in the activations of the hidden layer neurons into a more sparse representation of
that signal in the FEL neurons. To achieve this, each FEL neuron is only connected to a portion of
the neurons in the hidden layer. If each hidden neuron were fully connected to each FEL neuron
(as in traditional feedforward neural network weighting), each FEL neuron’s activation would be a
function of the full hidden layer signal; the FEL layer’s signal would be just as dense as that of the
hidden layer. We therefore select only a portion of the hidden layer neurons to contribute to each
FEL neuron.

To initialize the FEL weights, we first determine the number of hidden layer neurons that
contribute to each FEL neuron’s activation (N¢) and the number of hidden layer neurons that
will inhibit the activation of each FEL neuron (Ny). For each FEL neuron, we randomly select
N¢ contributory neurons and assign them a contributory weight (ve) of 1. We then select Ny
inhibitory neurons and assign them an inhibitory weight value (vy) of —K,—f{. The selection of
contributory and inhibitory neurons is performed such that each neuron in the hidden layer will

contribute and inhibit the same number of FEL neurons.

3.2.2 Neuron Triggering

During training, only a small portion of the FEL neurons (the ‘triggered neurons’) have nonzero
activation values. Any hidden layer neuron connected to a triggered FEL neuron will receive a
corrective training signal and consequently update all of its input layer weights (depicted in Figure
3.3); if all FEL neurons were triggered, then all hidden neurons would receive a training signal,
and all input-hidden weights would be updated during each training iteration. We trigger some

number (N, ) of neurons that have the largest activation value as well as some number (/V_) of
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neurons that have the smallest activation values. Intuitively, this can be thought of as selecting the
neurons that strongly ‘agree’ or strongly ‘disagree’ with the hidden layer signal; the strength of the
agreement or disagreement is a result of the contributory or inhibitory weights between the hidden
layer neurons and the FEL neurons. These triggered neurons then have their activation value set to
a constant value (v, or v_), and all other FEL neurons have their activation value set to 0.

By setting the activation value of the triggered FEL neurons to specific values (as opposed to
using their actual activation values), we are effectively limiting the information that can be sent
between the hidden layer neurons and the output layer neurons. In effect, we are dividing the
learning process into two parts; the hidden layer weights are adjusted in order to create the sparse
representation that will be most informative to the output layer, and the output layer weights are
adjusted in order to interpret the sparse FEL signal into an accurate representation of the desired

output.

3.2.3 Examination of the Parameterized Approach

The fixed expansion layer feedforward neural network is an effective approach to combating
catastrophic interference and learning under non-stationary training data [13]. Using the FEL, we
are able to obtain higher accuracy than other current approaches to this problem. There are minimal
computational requirements added due to this approach; the only additional processing required is
the extra feedforward layer. The FEL feedforward neural network is able to retain more previously
learned information about the training data, even when the training data is non-stationary in nature.

However, there are some aspects of the parameterized approach that are troublesome. In the
above approach, there are eight constants (N¢, Ny, v, v, Na, Np, vp, v,,) which must be manually
specified; this can lead to the requirement of empirically tuning the parameters for any given
problem. Ideally, we want as few ‘magic constants’ as possible and would prefer a more data-
driven approach to FEL operation which might be able to make more use of the resources available
in the fixed expansion layer.

Such a data-driven approach would ideally address the need for a special initialization of the

fixed weights, the issue of which FEL neurons to trigger, and the value to assign to each triggered
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neuron. The Feature-Sign FEL network was developed in order to address these concerns and to

incorporate advances in sparse coding theory into the algorithm.

3.3 Feature-Sign FEL Network

Sparse coding can be used as an improved method for determining the FEL activation neurons
and their values. In such framing, the activations of the hidden layer denote the dense signal, the
activations of the expansion layer represent the sparse signal, and the FEL weights act as the basis
for the transformation. We seek to minimize the L; norm of the fixed expansion layer neurons
while at the same time retaining key information from the hidden layer neurons. This is equivalent

to the following optimization formulation:

min [ly — Az*|| + 7||z], 3.1)

where y is the activation of the hidden layer, A is the FEL weight matrix, x is the FEL activation
(over which the minimization is performed), and ~y is a penalty constant which acts to balance the
desire for a sparse FEL activation and retention of information from the hidden layer.

This problem can be efficiently solved using the feature-sign search algorithm introduced in

[31]. Equation (3.1) can equivalently be written as

N
min ||y — Az? X 3.2

tin [y ||+v;| il (3.2)

where N is the number of elements in z. If we know the signs of the elements in x, then we
can replace each of the terms |z;| with either x; (if z; > 0), —z; (if x; < 0), or 0 (if x; = 0).
Considering only nonzero coefficients, this reduces (3.2) to a standard, unconstrained quadratic
optimization problem (QP), which can be solved analytically and efficiently. The feature-sign
search algorithm operates by maintaining an active set of potentially non-zero coefficients in z and
the sign (positive or negative) of these values; all other members of « are assumed to be zero. Given
an active set, we can analytically solve (3.2); in addition, given the corresponding minimization

solution, an improved active set can be obtained (if it exists).
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Table 3.1: The Feature-Sign Search Algorithm

Feature-sign search algorithm
1: Initialize x := 0, 6 := 0, and active set := {}, where 0; € {—1,0, 1} denotes sign(z;).

2: From zero coefficients of z, select : = arg max; ‘Wyg—fcw .
Activate z; (add 7 to the active set) only if it locally improves the objective, namely:
If ’anyg—sz’ > 7, then set 0; := —1, active set := {i} U active set .

If )a”yg—imw) < —7, then set 0; := 1, active set := {i} U active set .
3: Feature-sign step:
Let A be a submatrix of A that contains only the columns corresponding to the active set.
Let # and 6 be subvectors of z and 0 corresponding to the active set.
Compute the analytical solution to the resulting unconstrained QP (minimize;||ly —
AZ||2 +407):
Tnew = (Aszl)_l(ATy - 7@/2),
Perform a discrete line search on the closed line segment from Z to Z,,¢,,:
Check the objective value at 2, and all points where any coefficient changes sign.
Update 7 (and the corresponding entries in x) to the point with the lowest objective value.
Remove zero coefficients of & from the active set and update 6 := sign(x).
4: Check the optimality conditions:
(a) Optimality condition for nonzero coefficients: aHyg—g;W + ysign(x;) =0, Va; # 0
If condition (a) is not satisfied, go to Step 3 (WithOlltZ any new activation); else check
condition (b).
(b) Optimality condition for zero coefficients: <7, Vz; =0

Olly—Az||?
8:&;
If condition (b) is not satisfied, go to Step 2; otherwise return x as the solution.

Each such step reduces the objective function. It has been shown that the feature-sign search
algorithm converges to a global optimum of the optimization problem (3.2) in a finite number of
steps [31]. The algorithm is shown in Table 3.1.

The framing of the fixed expansion layer network within the sparse coding domain and the
application of the feature-sign search algorithm lead to significant advantages. By applying this
approach, we are able to eliminate eight constants (N¢, Ny, ve, vn, Na, Np, vp, v,) and replace
these with a single constant (7). Beyond offering a more firm theoretical grounding to the FEL
approach, this improvement results in significantly higher accuracy over the original approach, as

discussed in Section 5.4.
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Figure 3.4: FEL Elman recurrent neural network

3.4 Fixed Expansion Layers in Elman Recurrent Neural Net-

works

Applying the FEL technique to Elman’s Simple Recurrent Network (SRN) [14] (shown in Figure
2.4) allows the system to capture temporal dependencies. In this recurrent FEL (rFEL) network,
the expansion layer now acts to prevent convergence of the weights between the context neurons
and the hidden layer neurons. This is done by gating the context signal using an expansion layer,
as depicted in Figure 3.4.

Elman recurrent neural networks ([15], structure depicted in figure 2.4) are widely used to
approximate functions that have temporal dependencies. However, as an extension of regular
neural networks, ElIman networks also suffer from the problem of catastrophic forgetting.

Consider the scenario where we are trying to approximate f : X x S — Y x S with an Elman
recurrent neural network (RNN). In other words, we have that f(z;, s;) = (vi, S¢41), where x; € X
is the input, s; € S is the current state, y; € Y is the output, and s;; € S is the new state. This
is the typical scenario for approximation by a RNN. Suppose there is a subset of the input space
A C Xsuch that Va; € A3Jy; € YVs € S f(xi,81) = (Yi, St41) St = Ser1. Simply put, there is
some region of the input space (A) where f(x;, s) has no actual dependence on the state history. If

many samples from A occur sequentially, then the weights from the recurrent layer to the hidden
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layer will converge toward 0, thus disregarding the state history. When we once again observe any
x; ¢ A, the network will no longer have the information from those weights required to adequately
approximate f.

This effect is mitigated by isolating sparse state signals contained within dense hidden layer
signal by inserting a FEL between the hidden layer and the recurrent portion of the input layer
(see figure 3.4). This FEL will act as a gate on the state signal; in the above example, some FEL
neurons would latch on inputs z; € A. The weights from those FEL neurons to the input layer will

converge to 0, and the information stored in the other weights will not be lost.

3.5 Target Variation Trace

An alternative method of mitigating catastrophic forgetting is to vary the rate of learning in order to
maximize the learning of new information and minimize repetition of already learned information.
In order to do this, we compute some metric to quantify whether or not new information has been
presented and use this metric to proportionately control the learning rate of the network. We refer
to this approach as the ‘target variation trace’.

We can compare this approach with others used for the mitigation of catastrophic interference:
activation sharpening seeks to maximize the distribution of information representation within the
hidden layer by encouraging individual hidden neurons to latch on to specific areas of the input
space; the fixed expansion layer network seeks to minimize representational overlap by learning a
sparse representation of the dense hidden layer signal and using this sparse transformation for
information storage; by using the target variation trace, the network is encouraged to rapidly
explore regions of the error space that have not been observed recently while slowing the rate
of network convergence when in regions of the error space that have previously been observed.

Consider a standard gradient descent neural network with error and weight updates defined by

1

() = 5 > [es(@)?] (3.3)

J

AW, x —nVwE (3.4)
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where z; is the ¢-th input vector, E(z;) is the total network error for the ¢-th input, e;(z;) is the
error for the j-th neuron of the output layer in response to the ¢-th input, W is the matrix of network
weights, AW, is the change in weights in response to the ¢-th input, 7 is a step-size constant, and
Vw E is the gradient of the total network error F(x;) with respect to the weights .

The target variation trace approach moderates the rate of weight change depending on the

change in error signal. Formally, the network uses

AW, x —y(t)VwE (3.5)

(t) o< x d(E(xy), E(ri-1)) (3.6)

where (1) is the new step size for time ¢, 7 is the original network step size, and d(-, -) is a distance
metric measuring the change in error from time (¢ — 1) to time ¢.

Intuitively, this means that the network will make small weight adjustments when the same type
of approximation error is made between time (¢ — 1) and ¢. If the network is fed constant values for
the input pair (x, y), then v(¢) will approach 0, and the network weights will stop being adjusted.
Therefore, we can prevent the network weight convergence which ordinarily cause catastrophic
forgetting.

In order to gracefully handle multidimensional error signals, we use the cosine distance metric

defined as
E(z;) e E(x;1)

d(E(It), E(l't—l)) = HE(xt)HHE(xt_l)H

(3.7

where e denotes the dot product operator and || - || denotes the Ly norm.
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Chapter 4

Mitigation of Catastrophic Interference

within Ensembles of Neural Networks

When examining the results from experiments with a single FEL network, it was observed that,
when FEL networks suffer from some degree of forgetting, they tend to do so in different regions.
It is possible that this property is exploitable by ensembles of FEL networks; this chapter examines
the FEL network within an ensemble setting and presents several techniques for ensuring diversity

within members of an ensemble.

4.1 Diversification using Output Distribution

As discussed in Section 2.7, diversification of members within an ensemble is critical to the
performance of the ensemble as a whole.

Using explicit weight estimation by ensemble members provides a useful mechanism for
weighting member contribution, but it should also be useful for increasing diversity within an
ensemble. When we estimate the error, we are effectively estimating the variance of the output.
Taking this idea further, we can envision an ensemble member not trying to estimate just the correct
output, but estimating a probability distribution defined by (u, 0?) in which the correct output is
likely to fall.

This extension is useful for determining the corrective signal, but it also allows for more

information-theoretical methods of increasing diversity within the ensemble. Given a collection

37



of (uj, J) outputs, we can calculate the Jensen-Shannon divergence [34] between members 7 and

k as

ISD(P || @) = 5Dia(P || M) + 3 D (@ || M) @)

Dy (P)Q) = ZP P) 4.2)

Z

where P is the normal distribution .4"(11;,07), @Q is the normal distribution .4 (u, 07), and M
is a distribution defined by M = (P + Q). D(P || M) is the Kullback-Leibler divergence
between P and M. Further, the quantity \/m is a metric [16] which can serve as
a metric indicating the distance between two ensemble members. This formulation allows for a
theoretically sound method of diversifying ensemble members.

To apply this technique, we add a penalty term to each network’s error function in order to

increase the JSD between the network’s output and the ensemble’s output. This gives us the new

N
eie) = 5 3 (u = 0) A/ 78Dy | H) @3

k=1

error function

where ) is a weighting term and JSD(h; || H) is the Jensen-Shannon divergence between the j-th

ensemble member’s output and the combined output of the entire ensemble.

4.2 Explicit Error Estimation by Ensemble Members

Ensemble weighting can also be accomplished by explicitly estimating member error for ensemble

members (in this case we’re using FEL networks). For example, in approximating a N-dimensional

function, we also require each ensemble member to estimate its own error, SO

~(9)

Yi1

hi(z) = | 4.4
() 5u) “44)

~

65(w:) |
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Table 4.1: Accuracy comparison between a single FEL network and various ensembles of FEL
networks

Accuracy
Single FEL network 0.800
Basic Ensemble Method 0.815
Estimated MSE weighting 0.829
Individual output error estimate weighting 0.827
Estimated max absolute error weighting (separate network) 0.830
Estimated max absolute error weighting (same network) 0.863

z-(j) ~ 7; and also é;(z;) ~ e;(z;), where e;(x;) =

Yik — ?Ql(;]g)

where h; is trained with the goals that ¢

N2
2 ij:l <ylk — gjf,?) (or alternatively the L, norm can be used, where ¢;(z;) = 1 25:1

)

Using this estimate, we can set w;, the weight assigned to the j-th ensemble member,
proportional to the estimated error. So, we have w; o éj(xi)_l, which will lower the overall
error in H as long as our estimation of e;(x;) is reasonable. Analysis of the results indicate
high correlation (correlation coefficient of 0.45) between the error estimates and the actual
errors. Several methods of using this estimate for weighting have been tried, and the results
are summarized in table 4.1. The best results have been obtained when requiring each ensemble
member to estimate its maximum absolute error. If we define the error of the individual output for
the k-th dimension as e (x;), the maximum absolute error is given by

max |€]k(2131)| (45)

1<k<N

4.3 Backpropagation Through a Consolidation Neural Net-

work

We propose to further explore the impact of explicitly using a neural network to consolidate
the outputs of each ensemble member into an accurate ensemble output. Given outputs h;,

the consolidation network H will compute f’(hq,...,h;,...,hy) = @;. For a N-dimensional
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function, the ensemble error is given by

N
= o> (i — )’ (4.6)

k=1

l\DI»—

This error is then backpropagated through the consolidation neural network. The traditional term

for the member error (using no penalty terms) is

N
=23 (v 0) (47

k=1

l\DI»—t

For ensembles of neural networks, we adjust member networks by changing the weights attached

to the output nodes. If QZ(,Z) is the output node for the k-th dimension of the j-th member, we adjust

the output weights W by a factor proportional to

de
{((])) = Y — 05 (4.8)
ayzk

The novelty of this work comes from modifying the member error function. We can backpropagate
through H in order to determine the amount of the ensemble error attributable to each ensemble
member. More importantly, we can calculate the portion of the ensemble error attributable to each

output node of /; as

2 = : (4.9)
ogi) M Ohyog)
We can use this knowledge in the weight adjustment such that
Aw® o deilzi) | OB ) (4.10)

o o3

where p is a weighting term balancing the ensemble member’s error in estimating f against the
amount of error in H as a whole which is caused by h;. The intuition is that, by minimizing
both estimation error and the error contributed to the ensemble, we can appropriately weight each

ensemble member along with encouraging diversity among the ensemble members.
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4.4 Ensemble Diversification in FELNN Ensembles

FEL neural networks introduce an additional layer with several unique properties. In ensembles of
FEL networks, this property can be exploited in order to both increase diversity in the ensemble
and increase utilization of the FEL layers within ensemble members.

Each FEL network within an ensemble is initialized with different values for the fixed weights,
which are used as the basis for the sparse coding; as a result, each ensemble member performs
the sparse coding process differently. For any given input, each ensemble member sparsely code
the hidden neuron activations will different efficiency levels. For example, one ensemble member
might have a sparse coding requiring the activation of 5 FEL neurons, while another ensemble
member might only have 2 FEL neurons activated.

Using this property, we can define the coding efficiency for parameterized FEL network

ensemble members as

clz) = I+ Y sl (4.11)

reVy sEV_
where ¢;(+) is the coding efficiency for the i-th ensemble member and z; is the input at time ¢. The
values of € V, are the values of the /N, FEL neurons with the largest activation values, and the
values of s € V_ are the values of the N_ FEL neurons with the smallest activation values; these
values are taken before the FEL neurons are triggered (i.e. before the values are set to vior v_
using the procedure specified in Section 3.2).
This value is used for both weighting and diversity purposes. The weight of the i-th ensemble

member (for the input z;) is calculated as

wi(ay) = —T) (4.12)

Zjvi1 cj(we)

and the overall output of the ensemble is given by

H(x,) = Z wi () hi () (4.13)

where h;(-) is the output of the i-th ensemble member and M is the total number of ensemble

members.
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Diversity is increased by only training the two ensemble members with the greatest and least
coding efficiency values. For each training sample, only the two members with the maximum
and minimum values of ¢; are trained using backpropagation. The intuition behind this is that

divergence can be increased by only modifying the most efficient and least efficient networks.
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Chapter 5

Experimental Results

5.1 Auto-Associative Binary Pattern Reconstruction

5.1.1 Task Description

For the first task, we compare FEL network performance to two of the commonly utilized
approaches for mitigation of catastrophic forgetting. We also show the performance of a standard
multilayer perceptron (MLP) feedforward neural network for reference. Exploration of the
problem of catastrophic interference has traditionally been within the domain of auto-associative
pattern learning [38]; this task compares the ability of a network to retain previously learned
information after learning new information.

The auto-associative binary pattern reconstruction test is performed as follows. First, the
network is trained over a set of 20 patterns, where each pattern consists of 32 binary values. The
goal of the network is to recreate the input provided; the network has 32 real-valued outputs that do
not get rounded or thresholded. The network is trained over all 20 patterns until the mean squared
error for the set is less than 0.06. Once the network has learned the 20 base items, we present a
new pattern to the network. The network is trained once using this intervening item, and we then
measure the mean squared error over the original set of base items in order to determine how much

of the original information was retained.
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Table 5.1: Pattern reconstruction accuracy for the traditional catastrophic forgetting task.

Int(;tr;/;r:ng Standard Pseudo- Activati.0n FEL NN
MLP rehearsal sharpening
1 0.930 0.934 0.926 0.941
3 0.922 0.931 0.917 0.936
5 0.918 0.930 0.914 0.932
7 0.914 0.927 0.909 0.929
10 0.914 0.926 0.911 0.926

5.1.2 Networks Tested

We evaluated the FEL neural network against a standard multilayer perceptron (MLP) feedforward
neural network, a network using activation sharpening, and a network using pseudorehearsal. All
networks have 32 input neurons, 16 hidden layer neurons, and 32 output neurons. For activation
sharpening, the two hidden layer neurons with the largest values were sharpened by a factor of
a = 0.001. Pseudorehearsal was performed by generating 32 pseudopatterns after original training
over the binary patterns. Every time an interleaving pattern is learned, a random pseudopattern is
selected and presented for training.

In the FEL neural network 128 neurons were used in the sparse (fixed) layer. Each FEL node
received inputs from half of the hidden layer nodes (i.e. No = 4, Ny = 4), with excitatory weights
of vo = 1 and inhibitory weights of vy = —0.25. For the neuron triggering, the No = 4 neurons
with the largest activation value and the Ny = 1 neuron with the smallest activation value were

used. The positive trigger value was v, = 0.5 and the negative trigger value was v,, = —1.

5.1.3 Simulation Results

Each network was used in 100 independent test runs, and the results were used in order to determine
the mean accuracy, standard deviation, and the 95% confidence interval for the mean accuracy.

A plot of these values is shown in Figure 5.1, with some detailed results presented in Table 5.1.
The FEL network performed significantly better than the standard MLP network and the network

using activation sharpening and was slightly better than the network using pseudorehearsal.
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Figure 5.1: Pattern reconstruction accuracy for the traditional catastrophic forgetting task. Each
line represents the mean classification accuracy, with the shaded proportion representing the 95%
confidence interval.

These results show that the FEL network performs well in the domain typically used for testing

catastrophic forgetting.

5.2 Single Learner Non-stationary Gaussian Distribution Clas-

sification Task

We study the addition of the FEL on a classification task, whereby clusters of observations with
non-stationary properties are used as training input. Inputs consist of data from four clusters of two
dimensional points, where each cluster has a predefined mean and standard deviation and samples
for that cluster are drawn from a Gaussian distribution. The process involves 50,000 training
iterations followed by 1,000 testing iterations. The neural network is given the point’s x and y
coordinates as a two dimensional input, and produces a four dimensional output representing the

class index. This problem is trivial when we train over samples drawn from each distribution for
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the entire training period. All algorithms evaluated are able to achieve 100% accuracy under such
conditions.

However, in order to study each algorithm’s ability to resist catastrophic interference, we do
not train over all four clusters during the training process. Instead, we present samples from all
four clusters during the first portion of training, followed by presenting samples from only two
of the clusters (i.e. the ‘primary’ clusters) during the rest of training. During this second portion
of training, no samples from the other two clusters (i.e. the ‘restricted’ clusters) are presented.
Testing is still performed over both the primary and the restricted clusters with the goal being to
determine whether or not the network is able to retain information about the restricted clusters upon
being presented with many samples from only the primary clusters. The proportion of training that
only references the primary clusters (i.e. the ‘non-stationary percentage’) was adjusted in order to
measure how well each algorithm performed under varying amounts of interference.

We tested the fixed layer feedforward neural network against a standard multilayer perceptron
(MLP) feedforward neural network, a network using activation sharpening, a network using
pseudorehearsal, and a network using the target variation trace method. All networks use 2 input
neurons, 16 hidden layer neurons, and 4 output neurons. For activation sharpening, the 2 hidden
layer neurons with the largest values were sharpened by a factor of &« = 0.001. Pseudorehearsal
was performed by generating a new pseudopattern every 1000 training iterations. Every 100
training iterations, a random pseudopattern is selected and presented for training.

For the FEL neural network, a FEL of 128 neurons was used. Each FEL received input from

half of the hidden layer (No = 4, Ny = 4), with contributory weights of vc = 1 and inhibitory

weights of vy = —i. For the neuron triggering, the N, = 4 neurons with the largest activation
value and the N_ = 1 neuron with the smallest activation value were used. The positive trigger
value was v, = % and the negative trigger value was v_ = —1.

5.2.1 Simulation Results

For each value of the non-stationary percentage, 100 independent test runs were performed for
each algorithm, and the results were averaged in order to determine the mean accuracy, standard

deviation, and the 95% confidence interval (o« = 0.05) for the mean accuracy.
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Figure 5.2: Single learner non-stationary Gaussian distribution classification accuracy. Each
line represents the mean classification accuracy, with the shaded proportion representing the
95% confidence interval. ‘Non-stationary percentage’ refers to the percent of training that was
performed using only samples from the primary clusters.

Table 5.2: Classification rates for various catastrophic interference mitigation schemes compared
to the proposed method

Non- Standard | Pseudo- Activation Target FEL NN
stationary MLP rehearsal | sharpening | Variation
percentage Trace
0.00 1.00 1.00 1.00 1.00 1.00
0.25 0.52 0.76 0.55 0.74 0.92
0.50 0.51 0.66 0.50 0.59 0.85
0.75 0.50 0.58 0.50 0.55 0.79
1.00 0.50 0.50 0.50 0.50 0.50
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Figure 5.3: Single learner non-stationary Gaussian distribution classification region detail,
comparing a standard multilayer perceptron (on top) with a FEL network (below). The primary
clusters are centered at (-2,2) and (2,-2). The left shows the results of the test set, with green
circles representing correct classifications and red X’s representing incorrect classifications. The
right displays the entire input space and the classification that each network would make for a point
in that region. Note that the standard MLP loses the classification region for both of the restricted
clusters, while the FEL network only loses the borders of the restricted clusters.

7
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A plot of each network’s accuracy is shown in Figure 5.2, with some detailed values presented
in table 5.2. For all non-stationary percentages, the FEL shows the highest classification accuracy.
Furthermore, the accuracy drops off at a roughly linear rate as the non-stationary percentage
increases; the exponential decay in accuracy shown by the standard MLP is characteristic of
catastrophic interference. Figure 5.3 provides more detail for one test run (with a non-stationary
percentage of 75%). The standard MLP loses all ability to classify samples from the restricted
clusters, while the FEL network only misclassified samples that lie near the edges of the restricted

clusters.

5.3 [Ensemble Learning Non-stationary Gaussian Distribution

Task

To compare ensemble techniques, we evaluated various schemes for composing multiple FEL
neural networks into an ensemble. Each ensemble is composed of 7 FEL neural networks, using
the same parameters as in the single learner case. We compared Jensen-Shannon divergence as
a diversification term with and without weighting the learners proportionally to their estimated
error. Furthermore, both a basic ensemble which uses the mean value of member outputs and an
ensemble trained using NCL were considered. The negative correlation penalty term used was
v = 0.5 (as in [8]), and the Jensen-Shannon divergence term is weighted using a convex with
the MSE term, where v = 0.8. The temperature parameter in the estimated error weighting was
7=0.1.

For each value of the non-stationary percentage, 100 independent test runs were performed
for each algorithm, and the results were used in order to determine the mean accuracy, standard
deviation, and the 95% confidence interval for the mean accuracy.

A plot of the accuracy obtained by using an ensemble of FEL neural networks is illustrated in
Figure 5.4, with some detailed values presented in Table 5.3. Results from the ensemble technique
comparison show that significant accuracy gains can by made by using the FEL neural network
in an ensemble setting. All ensemble techniques perform significantly better than a single learner,

with the most significant accuracy differences occurring at higher levels of non-stationarity.
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Figure 5.4: Ensemble learning non-stationary Gaussian distribution classification accuracy in
ensembles of FEL networks applied to a basic clustering task . Each line represents the mean
classification accuracy, with the shaded proportion representing the 95% confidence interval. ‘Non-
stationary percentage’ refers to the percent of total training iterations that were performed using
only samples drawn from the primary clusters.
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Table 5.3: Classification accuracy for various ensemble techniques

Non- Negative Jensen- Back-

. Basic gatty JSD with | propagation | FEL Metric
stationary Correlation Shannon . .

Ensemble . . Error Consolida- | Diversity

percentage Learning Divergence tion

0.00 1.00 1.00 1.00 1.00 1.00 1.00

0.25 0.95 0.96 0.98 0.98 0.98 0.99

0.50 0.89 0.91 0.96 0.96 0.95 0.98

0.75 0.83 0.85 0.91 0.91 0.89 0.94

0.90 0.77 0.80 0.82 0.87 0.82 0.79

1.00 0.50 0.50 0.50 0.50 0.50 0.50

To examine the possible performance of error estimated weighting, we investigated the
correlation between the estimated error and the actual error. The results are shown in Figure 5.5.
It can be seen that the correlation level remains significantly high across the entire range of non-
stationarity values and, correspondingly, the Jensen-Shannon divergence ensemble using estimated

error weighting performs better than other approaches at higher levels of non-stationarity.

5.4 Non-stationary MNIST Classification Task

The previous tasks illustrate the viability of the FEL network when considering the traditional
domain over which catastrophic interference is measured and when considering a simple Gaussian
classification problem. This task shows that the FEL network is applicable to more complex tasks
and that the FEL network’s accuracy is significantly improved by the addition of the feature-sign
search algorithm.

This task involves the classification of digits taken from the MNIST database of handwritten
digits [30]. Digits 1, 2, 3, and 4 are used for this task. The original MNIST digits are 32x32
pixel grayscale images, with each image consisting of 1024 pixels taking on integer values from
0 (white) to 255 (black). We preprocess the MNIST data by shifting the pixel values to be
a real number between 0 and 1, centering the data, and using principal component analysis
(PCA) to reduce the 1024-dimensional data to 128 dimensions. This dimensionality reduction

captures approximately 94% of the variance of the original data. By taking the Moore-Penrose
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Figure 5.5: Error estimated weighting: Correlation coefficient between the estimated error and the
actual error (used for error weighting).

pseudoinverse of the principal component matrix, we can reconstruct the reduced data in order
to get a visual representation of the amount of information present in the reduced dataset. This
representation is shown in Figure 5.6.

In order to use the MNIST data to study the mitigation of catastrophic interference, we use a
similar approach to that used in the Gaussian classification task. The training period is divided into
two phases. During the first phase of training, we present training examples of all 4 digits. During
the second phase of training, we only present training examples of 2 of the digits (digits 1 and
2). The ‘non-stationary percentage’ represents the proportion of training time spent in the second
phase (where only 2 of the digits were used for training).

We evaluated the performance of a standard MLP network, a FEL network, and a FEL network
using the feature-sign search algorithm (FEL-FS). Each network has 128 inputs for the digit and 4
outputs representing the classification of that digit.

For both FEL networks, the number of hidden neurons was increased to 64, and the number of

FEL neurons was increased to 512. We also increase the number of hidden neurons in the MLP
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Figure 5.6: Original MNIST handwritten digits (top) and the reconstructed PCA reduced digits
(bottom)

network to 78. This number of hidden neurons was chosen in order to give the MLP network the
same amount of learning resources as the FEL networks; each FEL network is able to change the
weights between the 128 input neurons and the 64 hidden neurons as well as the weights between
the 512 fixed expansion layer neurons and the 4 output neurons, giving the FEL networks 10,240
weights with which to store information. The MLP network is able to change the weights between
the 128 input neurons and the 78 hidden neurons as well as the weights between the 78 hidden
neurons and the 4 output neurons; this gives the MLP network 10,296 weights with which to store
information.

The parameters for the MLP network and the FEL network are the same as those used in the
single-learner Gaussian classification task. For the FEL-FS network, we use v = 3.5. Additionally,
we do not apply the FEL weight initialization technique to the FEL-FS network (leaving the input-
hidden weights randomly initialized as in the MLP network).

For each value of the non-stationary percentage, 100 independent test runs were performed for
each algorithm, and the results used in order to determine the mean accuracy, standard deviation,
and the 95% confidence interval for the mean accuracy.

A plot of the accuracy of the networks tested is shown in Figure 5.7, with some detailed
values being presented in Table 5.4. These results clearly show that both the FEL and the FEL-
FS networks perform significantly better than the standard MLP network on the more complex

MNIST classification task, while the FEL-FS network consistently outperforms the basic FEL
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Figure 5.7: Classification accuracy for the MNIST classification task. Each line represents the
mean classification accuracy, with the shaded proportion representing the 95% confidence interval.
‘Non-stationary percentage’ refers to the percent of total training iterations that were performed
using only two of the four possible digits.

Table 5.4: Classification accuracy for the MNIST classification task

Non- Standard FEL FEL
stationary MLP Network Feature-Sign
percentage Network Network

0.00 0.9595 0.9661 0.9654
0.25 0.5123 0.7708 0.8930
0.50 0.4967 0.6501 0.7923
0.75 0.4963 0.5629 0.6643
0.90 0.4965 0.5227 0.4989
1.00 0.4966 0.4964 0.4944

network. Additionally, we can see that the performance of the FEL-FS network has a more linear

degradation profile compared to the exponential degradation of the MLP and FEL networks.

5.5 Auto-associative binary sequence reconstruction

Auto-associative binary sequence reconstruction can be viewed as a sequence-based version of
a traditional catastrophic forgetting task. Mainstream exploration of the problem of catastrophic

interference has commonly been restricted to the domain of auto-associative pattern learning [38];
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this task compares the ability of a network to retain previously captured sequences of observations
after demonstrating the learning of new sequences. In particular, the capacity of networks to retain
information about sequences of patterns is evaluated, rather than that of a single presentation for
each pattern.

The auto-associative binary sequence reconstruction test was performed as follows. A number
of binary pattern sequences were randomly generated, where each sequence consisted of two
binary patterns (composed of the values —1 and 1). The objective is to learn to reconstruct the first
part of the sequence after the complete sequence is observed. This test was repeated for sequences
using patterns consisting of 16, 32, and 64 dimensions in order to measure each algorithm’s ability
to scale to more challenging settings. First, the network is trained over a batch of 20 randomly
generated sequences. The network is repeatedly trained over this batch until the mean squared
error for the training set reaches an acceptable level. For the 16-dimensional and 32-dimensional
tests, a threshold of 0.06 was used; for the 64-dimensional test, this threshold was increased to
0.075 due to the fact that not all networks were able to reach the 0.06 error level. Once the network
has learned the 20 base sequences, a new sequence is presented to the network. The network is
trained using this intervening sequence, and then the mean squared error over the original set of
base items is measured in order to determine how much of the original information was retained.

This experiment was conducted using the rFEL network, a network using pseudorehearsal,
a network using activation sharpening, a system using dual networks, and a standard Simple
Recurrent Network (SRN). For the pseudorehearsal, activation sharpening, and dual networks we
use SRNs as the base network. All networks used 16 hidden neurons, a step size of 27°, and
were trained with standard stochastic gradient descent. After the pseudorehearsal network was
successfully trained, 32 pseudopatterns were generated; a pseudopattern was used for training
after the introduction of each new sequence. During training of the dual network system, 20
pseudopatterns were created with the learning network and used to transfer information to the
memory network. Once a new sequence was introduced, the learning network was trained using
3 pseudopatterns generated by the memory network. For activation sharpening, 8 neurons were
sharpened with a sharpening factor of 0.1, and the rFEL network used a sparse expansion layer

with 128 neurons and v = 2.5.
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Figure 5.8: Binary sequence reconstruction: 16-dimensional pattern
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Figure 5.9: Binary sequence reconstruction: 32-dimensional pattern
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Figure 5.10: Binary sequence reconstruction: 64-dimensional pattern

Table 5.5: Binary sequence reconstruction: 32-dimensional pattern detail. Entries denote the mean
accuracy of the network over 50 independent test runs.

# of Simple Pseudo- | Activation Dual Recurrent

New Recurrent rehearsal | Sharpening Networks FEL

Items Network
10 0.7228 0.7253 0.7411 0.6626 0.8981
20 0.6031 0.6402 0.6267 0.5929 0.8623
30 0.5166 0.6016 0.5440 0.5542 0.8264
40 0.4507 0.5805 0.4791 0.5276 0.7971
50 0.4024 0.5675 0.4338 0.5151 0.7714
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Figure 5.11: FEL reconstruction accuracy for 16-dimensional pattern using different initial error
thresholds

For each setting, 50 independent runs were conducted from which the mean accuracy, standard
deviation, and the 95% confidence interval for the mean accuracy were derived. These values are
shown in Figures 5.8, 5.9, and 5.10; detailed results for the 32-dimensional test are illustrated in
Table 5.5. As can be observed from these graphs, a pseudo-linear degradation is exhibited by the

recurrent FEL network, while performance of other schemes follows a sharper degradation profile.

Sensitivity of FEL accuracy to initial training period

An interesting phenomenon can be observed by comparing Figure 5.8 with Figure 5.10; the FEL
network retains more information and has a higher accuracy when tested on a sequence composed
of 64-dimensional patterns than when tested on a sequence composed of 16-dimensional patterns.
One would expect that the 64-dimensional test would prove more difficult, given the same network
configurations and parameters. Accordingly, the performance of all other methods decreased as

expected between the two tests.
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Upon further exploration, this behavior was discovered to be caused by the length of the initial
training period. All networks used a hidden layer consisting of 16 neurons. For the non-FEL
networks, this resulted in the network input being 32 dimensions; 16 for the pattern input and 16
for the context signal (the prior values of the hidden layer neurons). For the FEL network, the total
network input was 144 dimensions; 16 for the pattern input and 128 for the context signal, which
had been sparsely coded by the FEL. When training with the original 16-dimensional sequences,
all networks easily reached the required initial 0.06 error threshold for the training set before being
presented with new patterns and re-tested. Furthermore, all networks reached this threshold with
fewer training iterations than was required to reach the 0.075 threshold used for the 64-dimensional
task.

For the non-FEL methods, there was no significant difference in performance caused by the
shorter initial training time. However, due to the larger input dimensionality, the FEL network’s
performance was hindered by the shortened initial training period used during the 16-dimensional
task; the 16 hidden neurons had not yet found optimal weights to assign to the 144 input/context
neurons. The FEL network was able to reach the 0.06 threshold before this occurred. Figure 5.11
presents a comparison of FEL network performance on the 16-dimensional task when different
initial error thresholds are used, and there are significant differences in performance caused by the

longer initial training times required for the lower error thresholds.

5.6 Non-stationary MNIST sequence classification task

The previous experiment demonstrated the viability of the recurrent FEL network within the
domain of auto-associative memory of temporal sequences. The next test case was devised in
order to evaluate the ability of the rFEL network to classify sequences of complex visual patterns,
namely involving the classification of images taken from the MNIST database of handwritten digits
[30]. The digits 1, 2, 3, and 4 were selected for this task. The goal of this task is to correctly
classify sequences consisting of two of the four digits. Consequently, four different sequences
were considered: (1,3), (1,4), (2,3), (2,4).

The original MNIST digits are 32x32 pixel grayscale images, with each image consisting

of 1024 pixels taking on integer values from 0 (white) to 255 (black). The MNIST data was
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Figure 5.12: Sample MNIST sequences. Each row is a sample of a sequence used in the
classification task, with the two digits being presented sequentially.

preprocessed by shifting the pixel values to be a real number between 0 and 1, centering the
data, and using principal component analysis (PCA) to reduce the 1024-dimensional data to 128
dimensions. This dimensionality reduction captured approximately 94% of the variance of the
original data. By taking the Moore-Penrose pseudoinverse of the principal component matrix, we
can reconstruct the reduced data in order to get a visual representation of the amount of information
present in the reduced dataset. Samples of the reconstructed sequences are depicted in Figure 5.12.

When the sample distribution does not change during the training period, all algorithms
evaluated were able to achieve over 90% accuracy. In order to employ the MNIST data to study
the mitigation of catastrophic interference, the training sequences were presented such that the
networks were exposed to nonstationary inputs.

In order to study each algorithm’s ability to mitigate catastrophic interference in the presence of
non-stationarity, the sample distribution was varied over the training period such that samples were
drawn from all classes of sequences during the initial phase of the training process, followed by

a duration of time in which samples were drawn only from two of the classes (i.e. ‘primary’
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classes). During this latter phase of the training, no samples from the other two classes (i.e.
‘restricted’ classes) were presented. Testing was performed over both the primary and the restricted
classes with the goal being to determine the degree to which the network was capable of retaining
information about the restricted classes after being presented with multiple observations drawn
only from the primary classes. The proportion of training iterations that pertained to the primary
classes (i.e. the ‘non-stationary percentage’) was varied in order to measure how well each
algorithm performed under different levels of interference.

For this task, a total of 8,000 training samples were presented. During the first phase of the
training process, samples were drawn randomly from all classes with equal probability, while at the
second phase of training, samples were drawn only from the two primary classes. The restricted
sequences were (1,3), (1,4), and the primary sequences were (2, 3), (2,4).

The same algorithms used in the previous section were applied in this experiment. All networks
hosted 64 hidden neurons, used a step size of 27° and were trained using standard stochastic
gradient descent. For the pseudorehearsal algorithm, pseudopatterns were created and occasionally
used during the training process; following every 400 training iterations, 50 new pseudopatterns
were generated and added to the collection of pseudopatterns, and 25 random pseudopatterns were
drawn from the collection and used for training. The dual network system was trained in a similar
fashion. Following every 400 training samples, 50 pseudopatterns were created and used to transfer
information into the memory network, then 100 pseudopatterns were created and used to transfer
information to the learning network. For activation sharpening, 32 neurons were sharpened with a
sharpening factor of 0.001, and the rFEL network used a sparse expansion layer with 512 neurons
and v = 0.4; the lower v value reflects the need for more contextual information than in the
previous task.

Each network was used in 35 independent runs; the results were averaged and are shown in
Figure 5.13. The 95% confidence intervals were calculated, but only the rFEL network’s interval
is shown in the plot in the interest of avoiding clutter. The rFEL network performed statistically
significantly better than the other algorithms, but the difference in performance between the other
algorithms was not statistically significant. The MNIST sequence classification task was more
challenging for the other algorithms than originally anticipated, with performance dropping rapidly

after only a minor degree of non-stationarity was introduced. For example, using a non-stationary
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Figure 5.14: Recurrent FEL neuron affinity

level of 0.06, 7,520 training samples from all sequences were presented, with the reduced classes
being excluded from only the last 480 training samples. Under these conditions, the Simple
Recursive Network’s classification accuracy dropped from its baseline accuracy of 0.8962 to
0.5324, while the rFEL network’s accuracy dropped from 0.9811 to 0.9347 over the same interval.

The motivation behind the FEL network is that the fixed layer neurons can form a meaningful
sparse representation of the hidden layer signal. As such, it was expected that different FEL
neurons would consistently react to different features within the input signal. To measure the
FEL neuron affinity, the following data was collected. An ‘affinity vector’ was stored for each
FEL neuron. For each test sample, the input signal was multiplied by the activation value of each
FEL neuron and added to that neuron’s affinity vector; if the FEL neuron was not activated, no
change was made to its affinity vector. Once the evaluation process completed, the affinity vectors
represented a weighted sum of input values to which the FEL neuron responded. By reconstructing
a 32x32 pixel grayscale image from these weighted values (using the procedure described earlier),

we can visually observe the input to which each FEL neuron responded. A collection of these
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affinity vectors is presented in Figure 5.14. It can be seen that the FEL neurons consistently
reacted in response to specific patterns; one can observe varying levels of positive and negative
responses to the digits 1 and 2, and in multiple cases the same neuron shows a positive response to
one digit and a negative response to the other digit. This provides interesting insight into the actual
representations captured by the sparse encoding of the FEL layer, further supporting the overall

significant results observed in mitigating catastrophic interference.
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Chapter 6

Summary and Future Work

6.1 Summary of Contributions

This work introduced the fixed expansion layer neural network, which is uniquely designed
to mitigate forgetting effects in parameterized supervised-learning systems. This is achieved
by exploiting sparse encoding for latching long-term representations. Learning is inherently
achieved in an incremental, online manner, with modest requirements for additional memory
and computational resources. Moreover, the feature-sign search algorithm can be used to
significantly improve FEL accuracy. When embedded in an ensemble of learners, the FEL exhibits
significantly higher accuracy in the presence of non-stationary inputs, without the need for tuning
any application-specific parameters.

The following significant contributions were presented in this manuscript:

e The fixed expansion layer neural network was introduced as a method of mitigating the
effects of catastrophic interference, compared with several popular techniques found in the

literature, and shown to perform more effectively than the other methods.

e The FEL network was enhanced using the feature-sign algorithm for sparse coding. The
resulting feature-sign FEL network was shown be more effective than the original FEL

network.
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e A fixed expansion layer was incorporated into a recurrent neural network, with the resulting
recurrent FEL network able to successfully mitigate the effects of catastrophic interference

within the state-dependent domain.

e The target variation trace was introduced as an alternative means for combating catastrophic
forgetting; this method was shown to be more effective than some alternatives, but not as

effective as the FEL network.

e The Jensen-Shannon divergence was applied to achieve diversity amongst members of
an ensemble learning system, with this application resulting in increased accuracy of the

ensemble.

e An improved method of computing the weighted contribution of each member to the
ensemble’s output was presented wherein each ensemble member computes an estimate of
it’s expected error. This approach was shown to improve accuracy when combined with the

above JSD diversity mechanism.

e Divergence and weighting of ensemble members were accomplished by using a neural net-
work to consolidate member outputs. Error was backpropagated through the consolidation

network in order to determine the training signal to be used for each ensemble member.

e A divergence and weighting strategy for ensembles of FEL networks was presented, wherein
the sparse coding efficiency of each member is calculated and used for output weighting and

for determining which ensemble members to train.

6.2 Publications

The following manuscripts were published as a result of this work:

e Robert Coop and Itamar Arel. Mitigation of catastrophic interference in neural networks
using a fixed expansion layer. In Circuits and Systems (MWSCAS), 2012 IEEE 55th
International Midwest Symposium on, pages 726 =729, August 2012.
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e Robert Coop, Aaron Mishtal, and Itamar Arel. Ensemble Learning in Fixed Expansion Layer
Networks for Mitigating Catastrophic Forgetting. Neural Networks and Learning Systems,

IEEE Transactions on, accepted pending minor revisions, 2013.

e Robert Coop and Itamar Arel. Mitigation of Catastrophic Forgetting in Recurrent Neural
Networks using a Fixed Expansion Layer. In Neural Networks (IJCNN), The 2013

International Joint Conference on, accepted for publication, 2013.

6.3 Future work

Using a fixed expansion layer has been shown to be an effective means of mitigating the effects
of catastrophic interference in neural networks, but there are several aspects of this approach that
could be improved upon by future work.

Of primary concern is the computational complexity of the approach; the original parameter-
ized FEL network operates very efficiently, but requires specification of many constant values.
The feature-sign algorithm adds theoretical grounding, removes these constant values, and greatly
increases accuracy; however, using the feature-sign algorithm for minimization of Equation
3.1 increases the computational complexity of the FEL network. A more efficient data-driven
mechanism for sparsely encoding the hidden layer signal into the expansion layer would reduce
this complexity.

Further exploration of the algorithm parameters would prove beneficial. In particular, the FEL
weight matrix is currently composed of a number of excitatory and inhibitory weights (for the
parameterized network) or randomly initialized (for the feature-sign network). The feature-sign
search algorithm can find an optimal set of coefficients for a dense signal and a fixed coding basis;
there are many approaches to optimizing the basis used for sparse coding (including some from
the original feature-sign paper in [31]). Future work might explore the possible ways that the basis
might be further leveraged to improve accuracy.

This work has presented the FEL network and its application to several auto-associative and
classification tasks. This represents only a small sample of the tasks for which the FEL network
might prove effective. Non-stationary environments have been a major focus of this work, but the

mitigation of catastrophic interference provided by the FEL network is likely effective for other
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environments. Of particular interest would be environments where the inputs come from multiple
regimes (or modes of operation); each regime may have a stationary distribution of input samples,
but there may be several different distributions that can be used. The improved memory of the
fixed expansion layer should allow the network to retain information about many different modes
of operation, even if a regime has not been observed for quite some time. There are numerous
real-world scenarios that fit into this scheme and are of particular interest, such as financial data
streams and recurring weather patterns.

The ensemble diversity methods presented were shown to be effective. Further work in this
area could be applied to the FEL specific mechanisms for diversity. Specifically, application of FEL
specific diversity and weighting techniques have not yet been extensively tested on the feature-sign
FEL network.

The FEL scheme can be broadly studied in deep learning neural networks, which is a growing
area of research. This can greatly improve deep machine learning schemes in enriching their

feature representations.

68



Bibliography

69



[1] Herve Abdi. A neural network primer. Journal of Biological Systems, 2(03):247-281, 1994.
10

[2] D. H. Ackley. A connectionist machine for genetic hillclimbing. Kluwer, Boston, 1987. 11

[3] B. Ans and S. Rousset. Avoiding catastrophic forgetting by coupling two reverberating
neural networks. Comptes Rendus de I’Académie des Sciences-Series IlI-Sciences de la Vie,

320(12):989-997, 1997. 2, 16, 17

[4] B. Ans, S. Rousset, R.M. French, and S. Musca. Self-refreshing memory in artificial neural
networks: learning temporal sequences without catastrophic forgetting. Connection Science,

16(2):71-99, 2004. 2, 16
[5] T. Béack. Evolutionary algorithms in theory and practice. Oxford University Press, 1996. 11

[6] Yoshua Bengio, Patrice Simard, and Paolo Frasconi. Learning long-term dependencies with

gradient descent is difficult. Neural Networks, IEEE Transactions on, 5(2):157-166, 1994. 8
[7] L. Breiman. Stacked regressions. Machine learning, 24(1):49—64, 1996. 21

[8] G. Brown and J. Wyatt. Negative correlation learning and the ambiguity family of ensemble

methods. Multiple Classifier Systems, pages 161-161, 2003. 49

[9] G. Brown and J. Wyatt. The use of the ambiguity decomposition in neural network
ensemble learning methods. In MACHINE LEARNING-INTERNATIONAL WORKSHOP
THEN CONFERENCE-, volume 20, page 67, 2003. 23

[10] G. Brown, J. Wyatt, R. Harris, and X. Yao. Diversity creation methods: a survey and
categorisation. Information Fusion, 6(1):5-20, 2005. 20

[11] AE Bryson and Yu-Chi Ho. Applied optimal control. 1969. Blaisdell, Waltham, Mass. 8

[12] Philippe G Ciarlet. Introduction to numerical linear algebra and optimisation. Cambridge

University Press, 1989. 10

70



[13] R. Coop and I. Arel. Mitigation of catastrophic interference in neural networks using a fixed
expansion layer. In Circuits and Systems (MWSCAS), 2012 IEEE 55th International Midwest
Symposium on, pages 726 —729, August 2012. 27, 29, 31

[14] Jeffrey L Elman. Finding structure in time. Cognitive science, 14(2):179-211, 1990. 34

[15] J.L. Elman. Distributed representations, simple recurrent networks, and grammatical

structure. Machine Learning, 7(2):195-225, 1991. 7, 34

[16] D.M. Endres and J.E. Schindelin. A new metric for probability distributions. Information
Theory, IEEE Transactions on, 49(7):1858-1860, 2003. 38

[17] Roger Fletcher. Practical methods of optimization. 1987. 10

[18] M. Frean and A. Robins. Catastrophic forgetting in simple networks: an analysis of the
pseudorehearsal solution. Network: Computation in Neural Systems, 10(3):227-236, 1999.
2,16

[19] R.M. French. Using semi-distributed representations to overcome catastrophic forgetting in

connectionist networks. Connection Science, 4(3/4):365-378, 1992. 17, 19

[20] R.M. French. Catastrophic interference in connectionist networks: Can it be predicted, can it
be prevented? Advances in Neural Information Processing Systems, pages 1176-1176, 1994.
1

[21] R.M. French. Using pseudo-recurrent connectionist networks to solve the problem of
sequential learning. In Proceedings of the 19th Annual Cognitive Science Society Conference,

NJ, 1997. 16

[22] R.M. French and A. Ferrara. Modeling time perception in rats: Evidence for catastrophic
interference in animal learning. In Proceedings of the 21st Annual Conference of the

Cognitive Science Conference, page 173—-178, 1999. 1

[23] Y. Freund. Boosting a weak learning algorithm by majority. Information and computation,

121(2):256-285, 1995. 21

71



[24] Y. Freund and R.E. Schapire. Experiments with a new boosting algorithm. In MACHINE
LEARNING-INTERNATIONAL WORKSHOP THEN CONFERENCE-, page 148-156, 1996.
21

[25] L.K. Hansen and P. Salamon. Neural network ensembles. Pattern Analysis and Machine

Intelligence, IEEE Transactions on, 12(10):993-1001, 1990. 24

[26] M. Hattori. Dual-network memory model using a chaotic neural network. In Neural Networks

(IJCNN), The 2010 International Joint Conference on, page 1-5, 2010. 2, 16

[27] G.E. Hinton and D.C. Plaut. Using fast weights to deblur old memories. In Proceedings of
the 9th Annual Conference of the Cognitive Science Society, page 177-186, 1987. 2, 16

[28] A. Krogh and J. Vedelsby. Neural network ensembles, cross validation, and active learning.

Advances in neural information processing systems, page 231-238, 1995. 21

[29] Yann Le Cun. Learning process in an asymmetric threshold network. In Disordered systems

and biological organization, pages 233-240. Springer, 1986. 8
[30] Yann Lecun and Corinna Cortes. The MNIST database of handwritten digits. 51, 59

[31] H. Lee, A. Battle, R. Raina, and A.Y. Ng. Efficient sparse coding algorithms. Advances in
neural information processing systems, 19:801, 2007. 32, 33, 67

[32] H. Lejeune, A. Ferrara, F. Simons, and J.H. Wearden. Adjusting to changes in the time of
reinforcement: Peak interval transitions in rats. Journal of Experimental Psychology: Animal

Behavior Processes, 23(2):211, 1997. 1

[33] J.P. Levy and D. Bairaktaris. Connectionist dual-weight architectures. Language and

Cognitive Processes, 10(3-4):265-283, 1995. 2, 16

[34] J. Lin. Divergence measures based on the shannon entropy. [Information Theory, IEEE

Transactions on, 37(1):145-151, 1991. 38

[35] Y. Liu and X. Yao. Ensemble learning via negative correlation. Neural Networks,

12(10):1399-1404, 1999. 22, 23

72



[36] M. McCloskey and N.J. Cohen. Catastrophic interference in connectionist networks: The
sequential learning problem. The psychology of learning and motivation, 24:109—165, 1989.
1,13

[37] M Minsky and S Papert. Perceptrons: An introduction to computational geometry, 1969. 5

[38] O.M. Moe-Helgesen and H. Stranden. Catastophic forgetting in neural networks. 2005. 13,
43, 54

[39] D. Opitz and R. Maclin. Popular ensemble methods: An empirical study. Journal of Artificial
Intelligence Research, 11:169-198, 1999. 20

[40] DB Parker. Learning-logic (tr-47). Center for Computational Research in Economics and

Management Science. MIT-Press, Cambridge, Mass, 1985. 8

[41] D. Partridge and W.B. Yates. Engineering multiversion neural-net systems. Neural

Computation, 8(4):869-893, 1996. 20

[42] M.P. Perrone and L.N. Cooper. When networks disagree: Ensemble methods for hybrid

neural networks. Technical report, DTIC Document, 1992. 24, 25

[43] Donald A Pierre. Optimization theory with applications. Courier Dover Publications, 1969.
10

[44] R. Ratcliff. Connectionist models of recognition memory: Constraints imposed by learning

and forgetting functions. Psychological Review, 97(2):285, 1990. 1, 13

[45] A. Robins. Catastrophic forgetting in neural networks: the role of rehearsal mechanisms.
In Artificial Neural Networks and Expert Systems, 1993. Proceedings., First New Zealand
International Two-Stream Conference on, page 65-68, 1993. 2, 13, 14

[46] A. Robins and University of Otago. Artificial Intelligence Laboratory. Catastrophic

forgetting, rehearsal and pseudorehearsal. Connection Science, 7(2):123-146, 1995. 15

[47] F Ronsenblatt. The perceptron: a probabilistic model for information storage and

organization in the brain. Psychological review, 65:386—408, 1958. 3

73



[48] Frank Rosenblatt. Principles of neurodynamics. 1962. 5

[49] DE Rumelhart, GE Hinton, RJ Williams, DE Rumelhart, and JL McClelland. Learning
internal representations by error propagation, parallel distributed processing, 1986.

Cambridge, MA, pages 318-362, 1986. 8

[50] Gilbert Strang and Kaija Aarikka. [Introduction to applied mathematics, volume 16.
Wellesley-Cambridge Press Wellesley, MA, 1986. 10

[51] N. Ueda and R. Nakano. Generalization error of ensemble estimators. In Neural Networks,

1996., IEEE International Conference on, volume 1, page 90-95, 1996. 19, 23

[52] PJ Werbos. Beyond regression: new tools for prediction and analysis in the behavioral

sciences. 1974. Harvard University, 1974. 8
[53] Bernard Widrow, Marcian E Hoff, et al. Adaptive switching circuits. 1960. 5

[54] W.B. Yates and D. Partridge. Use of methodological diversity to improve neural network

generalisation. Neural Computing & Applications, 4(2):114—-128, 1996. 20

74



Vita

Robert Coop was born in Nashville, TN, to parents Thomas and Michelle Coop. He has an
older sister, Kathy. Robert attended Sumner Academy in Gallatin, TN and later graduated from
Beech Senior High School in Hendersonville, TN in May of 2003. He enrolled in the computer
science program at the University of Tennessee in August of 2003. In the spring of 2005, Robert
withdrew from the university, took a semester off, changed plans, and came back for the summer
semester with the intent to major in philosophy. Two semesters later, he had decided once again to
major in computer science, and in the spring of 2008 he received a Bachelors of Science from the
university, majoring in computer science with a minor in philosophy.

After meeting Dr. Itamar Arel during his last semester of undergraduate work, Robert enrolled
in the graduate school at the University of Tennessee for the 2008 fall semester, accepting
a graduate teaching assistantship in the Engineering Fundamentals department. He had this
assistantship through the Engineering Fundamentals department for two years, then for the
Computer Science department for a year until the assistantship was ended in the spring of 2011
due to budget cuts. Robert also worked with Dr. James Nutaro at the Oak Ridge National
Laboratory under the Higher Education Research Experiences (HERE) and the Advanced Short-
Term Research Opportunity (ASTRO) programs for four years.

On May 23rd, 2009, Robert Coop and Amanda Allen got married in their home town of
Goodlettsville, TN. In the summer of 2010, Robert received a Masters of Science in Electrical
Engineering, with a concentration in Intelligent Control. Robert Coop graduated with a Doctorate
of Philosophy in Computer Engineering with a concentration in Machine Learning in the spring of

2013.

75



	University of Tennessee, Knoxville
	Trace: Tennessee Research and Creative Exchange
	8-2013

	Mitigation of Catastrophic Interference in Neural Networks and Ensembles using a Fixed Expansion Layer
	Robert Austin Coop
	Recommended Citation


	Front Matter
	Title
	Copyright
	Dedication
	Acknowledgments
	Abstract
	Table of Contents
	List of Tables
	List of Figures

	1 Introduction
	2 Background and Literature Review
	2.1 Artificial Neural Networks
	2.2 Recurrent Neural Networks
	2.3 Gradient-based Network Training
	2.4 Online Learning and Non-stationary Environments
	2.5 Catastrophic Forgetting in Neural Networks
	2.6 Conventional Mitigation of Catastrophic Forgetting
	2.7 Ensemble Diversification Strategies
	2.8 Weighting Contributions from Ensemble Members 

	3 Mitigation of Catastrophic Interference within a Neural Network
	3.1 The Fixed Expansion Layer Feedforward Neural Network
	3.2 Parameterized FEL Network
	3.3 Feature-Sign FEL Network
	3.4 Fixed Expansion Layers in Elman Recurrent Neural Networks
	3.5 Target Variation Trace

	4 Mitigation of Catastrophic Interference within Ensembles of Neural Networks
	4.1 Diversification using Output Distribution
	4.2 Explicit Error Estimation by Ensemble Members
	4.3 Backpropagation Through a Consolidation Neural Network
	4.4 Ensemble Diversification in FELNN Ensembles

	5 Experimental Results
	5.1 Auto-Associative Binary Pattern Reconstruction
	5.2 Single Learner Non-stationary Gaussian Distribution Classification Task
	5.3 Ensemble Learning Non-stationary Gaussian Distribution Task
	5.4 Non-stationary MNIST Classification Task
	5.5 Auto-associative binary sequence reconstruction
	5.6 Non-stationary MNIST sequence classification task

	6 Summary and Future Work
	6.1 Summary of Contributions
	6.2 Publications
	6.3 Future work

	Bibliography
	Vita

